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NON-ARCHIMEDEAN ENTIRE CURVES IN PROJECTIVE VARIETIES DOMINATING
AN ELLIPTIC CURVE
JACKSON S. MORROW
ABSTRACT. Let K be an algebraically closed, complete, non-Archimedean valued field of character-
istic zero. We prove two results on the non-Archimedean Green–Griffiths–Lang conjecture.
First, we show that if X/K is a projective variety of general type admitting a dominant morphism
to an elliptic curve, then any non-Archimedean entire curve ϕ : Ganm,K → X
an is algebraically de-
generate, where (·)an denotes the Berkovich analytification. This result can be viewed as a non-
Archimedean version of a weak variant of the Green–Griffiths–Lang conjecture for such varieties.
Second, we use this result to prove that if X/K is a projective surface which is pseudo-groupless
and admits a dominant morphism an elliptic curve, then X is pseudo-K-analytically Brody hyper-
bolic. This latter result proves a strong form of the non-Archimedean Green–Griffiths–Lang conjec-
ture for such surfaces.
1. INTRODUCTION
The strong form of the Green–Griffiths–Lang conjecture states that a projective variety X/C is of
general type if and only if X is pseudo-Brody hyperbolic (i.e., there is a proper closed subscheme
∆ ⊂ X such every non-constant holomorphic map C → X(C) factors through ∆(C)).
This conjecture is known when X has irregularity q(X) = h0(X,Ω1X) > dimX by the celebrated
theorems of Bloch–Ochiai–Kawamata [Blo26, Och77, Kaw80]. The works of Dethloff–Lu [DL07],
Noguchi–Winkelmann–Yamanoi [NWY07, NWY13], and Winkelmann [Win11] proved a weak
variant of Green-Griffiths–Lang conjecture when the irregularity is equal to the dimension. In
particular, they show that for a smooth projective variety X/C of general type with q(X) = dimX,
every complex entire curve f : C → X(C) is algebraically degenerate. To the author’s knowledge,
there does not appear to be any literature on this conjecture when q(X) < dimX.
It is natural to ask about non-Archimedean analogues of Brody hyperbolicity and of the Green–
Griffiths–Lang conjectures, with the desideratum that all notions of hyperbolicity agree over an
algebraically closed field of characteristic zero.
Let K be an algebraically closed, complete, non-Archimedean valued field of characteristic zero,
and for a variety X/K, let Xan denote the K-analytic space (in the sense of Berkovich [Ber90])
associated to X. When investigating this analogy, one of the first questions encountered is: what
is the “correct” notion of a non-Archimedean entire curve? The works of [Che94, Che96, CR04,
ACW08, LW10, LW17, JV18, Mor19] have studied this question, and the results strongly suggest
that, for the notions of hyperbolicity to agree, one should define a non-Archimedean entire curve to
be an analytic morphism Ganm,K → X
an (see Remark 2.3.10 for discussion).
Our first result concerns the degeneracy of non-Archimedean entire curves in projective vari-
eties of general type admitting a dominant morphism to an elliptic curve .
Theorem A. Let K be an algebraically closed, complete, non-Archimedean valued field of characteristic
zero. Let X/K be a projective variety of general type admitting a dominant morphism to an elliptic curve.
Then, every non-Archimedean entire curve ϕ : Ganm,K → X
an is algebraically degenerate (Definition 2.3.11).
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We will use Theorem A to prove a result on a strong form of the non-Archimedean Green–
Griffiths–Lang conjecture for projective varieties over K. First, we state the non-Archimedean
Green–Griffiths–Lang conjecture from Javanpeykar–Vezzani [JV18, Conjecture 1.1].
Conjecture 1.1 (Non-Archimedean Green–Griffiths–Lang). Let K be an algebraically closed, complete,
non-Archimedean valued field of characteristic zero. A projective variety X/K is groupless (Definition
2.2.1) if and only if X is K-analytically Brody hyperbolic (Definition 2.3.1).
In [JX19], Javanpeykar–Xie studied amore general notion of groupless, called pseudo-groupless
(Definition 2.2.4). An important property (loc. cit. Lemma 3.9) of pseudo-groupless is that it is a
birational invariant for proper varieties, and thus this notion has a chance of being equivalent
to being of general type; note that being groupless is not a birational invariant (Remark 2.2.9).
In [Mor19], the author defined a non-Archimedean notion of pseudo-Brody hyperbolic, called
pseudo-K-analytically Brody hyperbolic (Definition 2.3.2), which is related to pseudo-groupless
(Remark 2.3.5). Javanpeykar [Jav20] introduced a strong form of the Green–Griffiths–Lang conjec-
tures, relating the notions of general type, pseudo-Brody hyperbolic, and pseudo-groupless.
Inspired by this and results of [Che94, JV18, Mor19], we make the following conjecture.
Conjecture 1.2 (Strong non-Archimedean Green–Griffiths–Lang). Let K be an algebraically closed,
complete, non-Archimedean valued field of characteristic zero. Let X/K be a projective variety. Then, the
following are equivalent:
(1) X is of general type;
(2) X is pseudo-groupless over K (Definition 2.2.4);
(3) X is pseudo-K-analytically Brody hyperbolic (Definition 2.3.3).
Remark 1.2.1. We show that the equivalence (2)⇔(3) in Conjecture 1.2 implies Conjecture 1.1. As-
sume that X is groupless, so in particular, X is pseudo-groupless. By Conjecture 1.2, we have that X
isK-analytically Brody hyperbolicmodulo some proper closed subset∆ ⊂ X. Now, sinceX is grou-
pless, it follows that ∆ is groupless. Repeating the above argument, we see that ∆ is K-analytically
Brody hyperbolic, and hence we can conclude that X is K-analytically Brody hyperbolic.
Using Theorem A, we prove (2)⇔(3) in Conjecture 1.2 for projective surfaces admitting a dom-
inant morphism to an elliptic curve.
Theorem B. Let K be an algebraically closed, complete, non-Archimedean valued field of characteristic
zero, and let S/K be a projective surface admitting a dominant morphism to an elliptic curve.
Then S is pseudo-groupless if and only if S is pseudo-K-analytically Brody hyperbolic.
Remark 1.2.2. To prove Theorem B, we will show that for every proper closed subscheme ∆ ( S, S
is groupless modulo ∆ (Definition 2.2.3) if and only if S is K-analytically Brody hyperbolic modulo
∆ (Definition 2.3.2).
As an immediate corollary of Theorem B, we characterize projective groupless surfaces admit-
ting a dominant morphism to an elliptic curve, and hence prove Conjecture 1.1 for such projective
surfaces.
Corollary C. Let K be an algebraically closed, complete, non-Archimedean valued field of characteristic
zero, and let S/K be a projective surface admitting a dominant morphism to an elliptic curve.
Then S is groupless over K if and only if S is K-analytically Brody hyperbolic.
Remark 1.2.3. While we only state our results for Berkovich K-analytic spaces, our results hold for
adic spaces (in the sense of Huber [Hub94]), under the added assumption that K is non-trivially
valued. Indeed, the Berkovich analytificiation of a separated scheme of finite type over K is a
strict, Hausdorff K-analytic space [Duc14, Exercises 4.2.4.2(ii) & 5.1.1.1(iii)], and there exists an
equivalence between the category of such K-analytic spaces and the category of taut, locally of
finite type adic spaces over K [Hub96, Proposition 6.3.7].
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Remarks on proofs. The proof of TheoremA reduces to proving that there does not exist a Zariski
dense, non-Archimedean entire curve ϕ : Ganm,K → X
an. In Proposition 3.5, we will show that
if there exists such a morphism, then X admits a finite cover by a connected algebraic group,
and thus our result follows from well-known properties for varieties of general type (see Section
2.1). We remark that our proof is topological and heavily relies on the theory of semi-coverings,
developed by Brazas [Bra12].
The proof of Theorem B will follow along similar lines to Theorem A and will rely on the fact
that Conjecture 1.2 is true for projective curves and a result of Javanpeykar–Xie, mentioned below.
Related Results. We conclude by describing some related results in the literature.
In the complex analytic setting, the works of Bogomolov [Bog77] and McQuillan [McQ98]
proved the classical Green–Griffiths–Lang conjecture for projective surfaces S/C of general type
with enough 2-jets (e.g., when 13c21(S) > 9c2(S)). As mentioned above, previous results on the
classical Green–Griffiths–Lang conjecture focused on varieties where the irregularity was greater
than or equal to the dimension. Moreover, our results are complementary to these as we focus on
varieties with irregularity strictly less than the dimension.
In the algebraic setting, Javanpeykar–Xie [JX19, Lemma 3.23] proved that projective integral
pseudo-groupless surfaces are of general type. Combining their result with Theorem B, the re-
maining case of Conjecture 1.2 for surfaces of irregularity one is (1) ⇒ (2).
In the non-Archimedean analytic setting, Cherry [Che94, Theorem 3.6] proved Conjecture 1.2
for closed subvarieties of an abelian variety, and hence for proper surfaces of irregularity greater
than two. His proof follows from the uniformization theorem of Bosch–Lütkebohmert [BL84,
Theorem 8.8] and the study of analytic maps from tori into semi-abelian varieties. Combining
Cherry’s results with Theorem B, the remaining cases of (2)⇔(3) in Conjecture 1.2 for irregular
surfaces are those surfaces with irregularity two.
Outline of paper. In Section 2, we recall definitions and results on varieties of general type, hy-
perbolicity in the algebraic and analytic setting, and the topological notion of semi-coverings. In
Section 3, we prove Theorem A, and in Section 4, we prove our Theorem B as well as Corollary C.
Acknowledgements. The authorwould like to thank JeremyBrazas for his helpwith semi-coverings
and Mihran Papikian for answering several questions on non-Archimedean uniformization of
abelian varieties. The author extends his thanks to Ariyan Javanpeykar, Alberto Vezzani, and
David Zureick-Brown for several useful conversations. Finally, the author thanks Lea Beneish
and Ariyan Javanpeykar for helpful comments on an earlier draft.
Notation. We establish the following notations throughout our work.
Fields. Let K be an algebraically closed, complete, non-Archimedean valued field of characteristic
zero.
Algebraic geometry. By a variety X over K, we mean an integral separated scheme of finite type over
Kwith positive dimension. For a variety X, let q(X) = h0(X,Ω1X) = h
1(X,OX) denote the irregularity
of X. Since we work in the characteristic zero setting, the irregularity of X corresponds to the
dimension of the Albanese variety associated to X. Let pg(X) = h0(X,ωX) denote the geometric
genus of XwhereωX is the canonical bundle of X, and let KX denote the canonical divisor of X.
Berkovich spaces. We will use script letters X,Y,Z to denote K-analytic spaces (in the sense of
Berkovich [Ber90]). In this work, our K-analytic spaces will be good (i.e., every point x ∈ X
admits an affinoid neighborhood). For a locally of finite type scheme X/K, we will use Xan to de-
note the K-analytic space associated to X. By [Ber90, Theorem 3.2.1] and [Tem15, Fact 4.3.1.1], the
K-analytic space Xan is good, path-connected, locally compact, and locally path-connected. When
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X is a quasi-projective variety, an important result of Hrushovski–Loeser [HL16, Theorem 13.4.1]
states that the K-analytic space Xan admits a topological universal cover, which we denote by X˜.
2. PRELIMINARIES
In this preliminary section, we recall definitions and results on varieties of general type, hyper-
bolicity in the algebraic and analytic setting, and the topological notion of semi-coverings.
2.1. Varieties of general type. To begin, we recall some basic notions of varieties of general type.
A variety X over K is of general type if the dimension of X equals the Kodaira dimension of
X (or equivalently, the dimension of X equals the transcendence degree of the fraction field of
the canonical ring minus one). It is well-known that being of general type descends along finite
surjective morphisms and that a variety of general type cannot be a group variety. We summarize
these properties in the following lemma, which will be used later.
Lemma 2.1.1. Let X be a projective variety of general type over K, and let Y → X denote a finite surjective
morphism. Then Y is not a group variety.
2.1.2. Surfaces of general type of irregularity one. We now recall the extensive work on determin-
ing projective surfaces of general type with irregularity one. Note that such surfaces satisfy the
conditions of Theorem B and Corollary C.
Let X/K be a (minimal) surface of general type. If the geometric genus of X is zero, then we
have that the irregularity of X is zero since the Euler characteristic χ(OX) is positive . Moreover,
minimal surfaces of general type with pg(X) = q(X) = 1 are the irregular surfaces with the lowest
geometric genus. It is well-known that for any minimal, irregular surface X/K of general type,
DebarreâA˘Z´s inequality K2X > 2pg(X) holds [Deb82], and on the other hand, the Miyaoka–Yau
inequality [Miy77, Yau77, Yau78] yields K2X 6 9χ(OX). This tells us that if pg(X) = q(X) = 1, we
have 2 6 K2X 6 9.
Many authors have tried to classify the minimal surfaces of general type with pg(X) = q(X) = 1
with prescribed K2X as above. Surfaces with pg(X) = q(X) = 1 and K
2
X = 2 were classified in
[Cat81], and the works of [CC91, CC93] dealt with the K2X = 3 case. For higher values of K
2
X, there
are some sporadic examples (e.g., [Cat99, Pol05, Pol06, Pol08, CP09, Pol09, MP10]). The latter
results of Polizzi focus on classifying minimal surfaces of general type which are isogenous to a
product of curves. In another direction, Takahashi [Tak98] showed that for all values pg(X) > 2,
there exists a minimal algebraic surface of general type with K2X = 3pg(X) and q(X) = 1.
2.2. Hyperbolicity in the algebraic setting. Now, we recall definitions and results concerning
notions of hyperbolicity in the algebraic setting. We will follow [JK19, JX19].
Definition 2.2.1 ([JK19, Definition 2.1]). A finite type scheme X over K is groupless (over K) if, for
every finite type connected group scheme G over K, every morphism of K-schemes G → X is
constant.
When X/K is proper, one can use Chevalley’s theorem [Con02] on finite type connected alge-
braic groups over K to show that being groupless can be tested on abelian varieties.
Lemma 2.2.2 ([JK19, Lemma 2.4 & Lemma 2.5]). Let X/K be a proper variety. Then X is groupless over
K if and only if for every abelian variety A/K, every morphism A→ X is constant.
We conclude our discussion on hyperbolicity in the algebraic setting by recalling a more general
notion of groupless introduced by Javanpeykar–Xie [JX19] following ideas of Vojta [Voj15].
Definition 2.2.3 ([JX19, Definition 3.1]). Let X/K be a variety and let∆ ⊂ X be a closed subscheme.
X is groupless modulo ∆ (over K) if, for every finite type connected group scheme G/K and every
dense open subscheme U ⊂ G with codim(G \ U) > 2, every non-constant morphism U → X
factors over ∆.
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Definition 2.2.4 ([JX19, Definition 3.2]). We say that X is pseudo-groupless (over K) if there exists a
proper closed subscheme ∆ ⊂ X such that X is groupless modulo ∆.
Remark 2.2.5. The reader might wonder why one considers “big” open subschemes U ⊂ G in
Definition 2.2.3. The reason is that Vojta [Voj15, Section 4] proved that for A/C an abelian variety
and U ⊂ A a dense open subscheme with codim(A \ U) > 2, U is not Brody hyperbolic, and
in fact, U admits a Zariski dense holomorphic curve. As such, one should think of “big” open
subschemes of group schemes as being as far from hyperbolic as possible.
Remark 2.2.6 ([JX19, Remark 3.3]). Let X be a proper variety over K and let ∆ ⊂ X be a closed
subscheme. By the valuative criterion for properness, X is groupless modulo ∆ if and only if for
every finite type, connected group scheme G over K and every dense open subscheme U ⊂ G,
every non-constant morphism U→ X factors over ∆.
Remark 2.2.7 ([JX19, Remark 3.4]). Let X be a proper variety over K which does not contain any
rational curves and let ∆ ⊂ X be a closed subscheme. Then X is groupless modulo ∆ if and only
if for every finite type connected group scheme G/K, every non-constant morphism factors over
∆. This follows because every finite type connected group scheme G over a field of characteristic
zero is smooth [Sta15, Lemma 047N] and since any morphism from a “big” open U ⊂ G to X will
uniquely extend to a morphism G→ X by Remark 2.2.6 and [Deb01, Corollary 1.44].
Furthermore, a proper variety is groupless if and only if it is groupless modulo the emptyset.
Conjecture 1.2 posits that being pseudo-groupless is equivalent to being of general type. Since
being of general type is a birational invariant and descends along finite étale morhpisms, we need
to know that being pseudo-groupless also satisfies these properties for this conjecture to have any
hope of being true.
Lemma 2.2.8 ([JX19, Lemmas 3.8 & Lemma 3.9]). Let X and Y be proper varieties, and assume that X is
birational to Y. Then, X is pseudo-groupless over K if and only if Y is pseduo-groupless over K.
Remark 2.2.9 ([Jav20, Remark 6.7]). The notion of groupless is not a birational invariant. Indeed,
for C/K a projective curve of genus > 2, the surface C× C is groupless, but the blow-up S of
C×C at a point is not because it contains a rational curve in the exceptional locus of the blow-up
S→ C×C. Thus, S is groupless modulo this exceptional locus, and hence S is pseudo-groupless.
Lemma 2.2.10 ([Jav20, Lemma 6.5]). Let f : X→ Y be a finite étale morphism of proper varieties over K.
Then X is pseudo-groupless over K if and only if Y is pseudo-groupless over K.
Another very important property of pseudo-grouopless is that for a proper variety, one can test
for it on “big” open subsets of abelian varieties.
Proposition 2.2.11 ([JX19, Corollary 3.17]). If X/K is a proper variety and ∆ is a closed subscheme of X,
then X is groupless modulo ∆ if and only if for every abelian variety A/K and every dense open subscheme
U ⊂ A with codim(A \U) > 2, every non-constant morphism of varieties U→ X factors over ∆.
2.3. Hyperbolicity in the analytic setting. We now discuss non-Archimedean notions of hyper-
bolicity following [JV18, Mor19].
Definition 2.3.1 ([JV18, Definition 2.3, Lemma 2.14, Lemma 2.15]). Avariety X overK isK-analytically
Brody hyperbolic if
• every analytic morphism Ganm,K → X
an is constant, and
• for every abelian variety A over K, every morphism A→ X is constant.
In [Mor19], we provided a definition of pseudo-K-analytically Brody hyperbolic.
Definition 2.3.2 ([Mor19, Definition 2.2]). Let X be a variety over K and let ∆ ⊂ X be a proper
closed subscheme. Then X is K-analytically Brody hyperbolic modulo ∆ if
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• every non-constant analytic morphism Ganm,K → X
an factors over ∆an, and
• for every abelian variety A over K and every dense open subset U ⊂ A with codim(A \
U) > 2, every non-constant morphism U→ X of schemes factors over ∆.
Definition 2.3.3 ([Mor19, Definition 2.5]). We say that X is pseudo-K-analytically Brody hyperbolic if
there exists some proper closed subscheme ∆ ⊂ X such that X is K-analytically Brody hyperbolic
modulo ∆.
Remark 2.3.4. It is not hard to see that a proper scheme X over K is K-analytically Brody hyper-
bolic if and only if X is K-analytically Brody hyperbolic modulo the emptyset. Indeed, if X is
K-analytically Brody hyperbolic and proper, then X does not contain rational curves.
Remark 2.3.5. By Proposition 2.2.11, we have that a proper variety X/K is K-analytically Brody
hyperbolic modulo ∆ if and only if every non-constant analytic morphism Ganm,K → X
an factors
over ∆an and X is groupless modulo ∆ over K.
As with pseudo-groupless, we can prove that pseudo-K-analytically Brody hyperbolicity is a
birational invariant and descends along finite étale morphisms.
Lemma 2.3.6. Let X and Y be proper varieties, and assume that X is birational to Y. Then, X is pseudo-K-
analytically Brody hyperbolic if and only if Y is pseduo-K-analytically Brody hyperbolic.
Proof. The proof follows mutatis mutandis from [JX19, Lemmas 3.8 & 3.9]. 
Lemma 2.3.7. Let f : X → Y be a finite étale morphism of proper varieties over K. Then X is pseudo-K-
analytically Brody hyperbolic over K if and only if Y is pseudo-K-analytically Brody hyperbolic.
Proof. Using Remark 2.3.5 and Lemma 2.2.10, it suffices to consider analytic morphisms from tori.
In this setting, the result follows from the arguments of [JV18, Proposition 2.13]. 
We also recall that Conjecture 1.2 is true for projective curves.
Theorem 2.3.8 ([Che94, Theorem 3.6]). Let C/K be a connected, projective curve. Then, the following
are equivalent:
(1) C is of general type,
(2) C is pseudo-groupless,
(3) C is pseudo-K-analytically Brody hyperbolic.
We now introduce the notions of non-Archimedean entire curves and algebraic degeneracy.
Definition 2.3.9. For a K-analytic space X, an analytic morphism
ϕ : Ganm,K → X
is called non-Archimedean entire curve in X.
Remark 2.3.10. In the complex analytic setting, the exponential and logarithm maps provide an
isomorphism between C and C×, and so Brody hyperbolicity could equivalently be defined by the
non-existence of non-constant morphisms from C× into a complex analytic manifold. However,
in the non-Archimedean setting, the exponential map is not convergent everywhere, and so we
do not have such an isomorphism; in fact, by [Che94, Proposition 3.3], every analytic map from
A
1,an
K → G
an
m,K is constant. As a result, testing hyperbolicity on analytic morphisms from A
1,an
K or
Ganm,K can yield different results. For example, a result of Cherry (loc. cit. Theorem 3.5) states that
for an abelian variety A/K, every analytic map A1,anK → A
an is constant.
However, there can exist non-constant analytic morphisms Ganm,K → A
an if A does not have
good reduction over OK. The reason for this is that analytic tori appear in the non-Archimedean
uniformization of abelian varieties [BL84, Theorem 8.8]. Moreover, Definition 2.3.9 appears to
be the “correct” one as it aligns with our desideratum from Section 1 and gives insight into the
K-analytic Brody hyperbolicity of a K-analytic space.
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Definition 2.3.11. For a variety X/K, a non-Archimedean entire curve ϕ : Ganm,K → X
an is alge-
braically degenerate if there exists a proper closed subscheme Yϕ ⊂ X, which depends on ϕ, such
that ϕ(Ganm,K) ⊂ Yϕ.
Remark 2.3.12. When X is proper, the condition that every non-Archimedean entire curve is alge-
braically degenerate is equivalent to the non-existence of a Zariski dense non-Archimedean entire
curve. Indeed, if a non-Archimedean entire curve is not Zariski dense, then its Zariski closure is a
proper closed subscheme of X by Berkovich analytic GAGA [Ber90, Corollary 3.4.13].
2.4. Semi-coverings. To conclude this preliminary section, we recall the notion of semi-covering
from work of Brazas [Bra12].
Definition 2.4.1 ([Bra12, Definition 3.1]). A semi-covering is a local homeomorphism with contin-
uous lifting of paths and homotopies.
By [Bra12, Remark 3.6], one can check that a covering is in fact a semi-covering, so this notion
generalizes the notion of covering. Unlike coverings, path-connected semi-coverings satisfy a very
useful “two out of three” property.
Proposition 2.4.2 ([Bra12, Lemma 3.4 & Corollary 3.5]). Let p : X → Y, q : Y → Z and r = q ◦ p be
maps of path-connected spaces. If two of p,q, r are semi-coverings, then so is the third.
A covering space of a path-connected, locally path-connected topological group is a topological
group, and the exact same argument proves the analogous result for semi-coverings.
Lemma 2.4.3. Let G be a path-connected, locally path-connected topological group. Let p : H → G be a
semi-covering. Then H is also a topological group and p is a group homomorphism.
To conclude the preliminary section, we recall that the structure of a K-analytic space can be
lifted along a semi-coverings, and more generally local homeomorphisms. The proof of Lemma
2.4.4 is identical to [For81, Chapter I, Theorem 4.6].
Lemma 2.4.4. Let X be a K-analytic space, let Y be a Hausdorff topological space, and let p : Y → X be a
local homeomorphism. Then there exists a unique K-analytic space structure on Y such that p is analytic.
We combine Lemmas 2.4.3 and 2.4.4 into the following useful corollary.
Corollary 2.4.5. Let G be a K-analytic group, let H be a Hausdorff topological space, and let p : H → G
be a semi-covering. Then there exists a unique K-analytic group structure on H such that p is an analytic
group homomorphism.
3. PROOF OF THEOREM A
In this section, we will prove Theorem A. Let X/K be a projective variety of general type, let
E/K be an elliptic curve, let a : X → E be a dominant morphism, and let ϕ : Ganm,K → X
an be a
non-Archimedean entire curve. By Remark 2.3.12, it suffices to prove that there does not exist a
non-Archimedean entire curve, which is Zariski dense. We also note that we can and do assume
that X has dimension > 2, as Theorem A is true when X is a curve by Theorem 2.3.8.
If E has good reduction over OK, then our result follows immediately.
Lemma 3.1. With the notation as above, suppose that E has good reduction over OK. Then ϕ cannot be
Zariski dense.
Proof. The composed morphism aan ◦ ϕ : Ganm,K → E
an is constant by [Che94, Theorem 3.2], and
hence the image of ϕ is contained in a fiber F of a, which has dimension 6 1. Furthermore, the
Zariski closure of Fwill be of dimension 6 1, and hence our claim follows. 
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For the remainder of the section, we will assume that E has multiplicative reduction over OK
and suppose to the contrary that ϕ : Ganm,K → X
an is Zariski dense.
We will prove (Proposition 3.5) that such a ϕ will factor as Ganm,K → G
an
→ Xan where Gan is
the analytification of a connected algebraic group and Gan → Xan is an algebraic, finite, surjective
morphism. The result will then follow from Lemma 2.1.1.
The condition that E/K has multiplicative reduction allows us to import techniques from alge-
braic topology. In particular, Ean is topologically uniformized by Ganm,K, and hence, as a K-analytic
space, Ean is isomorphic to Ganm,K/q
Z for some q ∈ K with 0 < |q| < 1. Since Ganm,K is simply con-
nected [Ber90, Section 6.3], the morphisms ϕ and aan ◦ϕ uniquely lift to the topological universal
cover of Xan and of Ean. To summarize the situation, we have the following diagram:
Ganm,K X˜ G
an
m,K
Xan Ean,
ϕ˜
ϕ
a˜
piX piE
aan
where piX : X˜→ Xan and piE : Ganm,K → E
an are the universal covering morphisms.
A result of Cherry [Che94, Proposition 3.4] tells us that the morphism a˜ ◦ ϕ˜ : Ganm,K → X˜→ G
an
m,K
is algebraic (i.e., a˜ ◦ ϕ˜ : z 7→ czd for some c ∈ K, d ∈ Z). As aan is dominant [Ber90, Proposition
3.4.7] and ϕ is assumed to be Zariski dense, we have that aan ◦ϕ is Zariski dense, and hence we
know that c 6= 0 and d 6= 0. Moreover, after translation and post-composition with the automor-
phism z 7→ z−1, we may and do assume that a˜ ◦ ϕ˜ : z 7→ zd where d ∈ Z>0.
We can further reduce to the case where d = 1 as follows. A result of Tate [Tat95, p. 325]
states that the endomorphism z 7→ zd on Ganm,K uniquely induces a morphism of smooth, proper,
connected, commutative, 1-dimensional K-analytic groups ψ : Ganm,K/(q
1/d)Z → Ganm,K/q
Z, which
is in fact an isogeny [Tat95, p. 325, Theorem], whence a finite étale morphism. By Berkovich
analytic GAGA [Ber90, Corollary 3.4.13], we have that Ganm,K/(q
1/d)Z is algebraic (i.e., there exists
an elliptic curve E ′/K such that E
′ an ∼= Ganm,K/(q
1/d)Z). Moreover, we can enhance the above
diagram to
Ganm,K X˜ G
an
m,K
E
′ an Xan Ean
piE ′
ϕ˜
ϕ
a˜
piX piE
ψ
aan
where ψ : E
′ an
→ Ean is finite étale.
Consider the following fibered product X, which exists as a K-analytic space.
X Xan
E
′ an Ean
ψ ′
a ′ aan
ψ
We claim that the K-analytic space X is algebraic. As finite étale morphisms are stable under
base change [And03, Remarks 1.2.4(iv)], we have that the morphism ψ ′ : X → Xan is finite étale,
and by Berkovich analytic GAGA [Ber90, Corollary 3.4.13], X is algebraic, so there exists a proper
scheme of finite type X ′ such that X ∼= X
′ an.
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Using this, we identifyXwith X
′ an. The commutativity of the above diagram says that there ex-
ists a unique morphismϕ ′ : Ganm,K → X
′ an, and note that the morphism a˜ ′ ◦ ϕ˜ ′ : Ganm,K → X˜
′
→ Ganm,K
is the identity map. Moreover, the morphism ϕ˜ ′ is injective and a˜ ′ is surjective. To summarize,
we have reduced the proof of Theorem A to the setting in Figure 3.1.
X˜ ′ Ganm,K
X
′ an E
′ an
a˜ ′
piX ′
ϕ˜ ′
piE ′
ϕ ′
a ′
FIGURE 3.1. The case where d = 1
In the next two lemmas, we show that the Zariski closure of ϕ ′(Ganm,K) is the analytification of a
closed, connected, algebraic group contained in X
′ an.
Lemma 3.2. The morphism ϕ ′ : Ganm,K → ϕ
′(Ganm,K) is a semi-covering. Furthermore, ϕ
′(Ganm,K) is path-
connected and locally path-connected.
Proof. To begin, we claim that ϕ˜ ′(Ganm,K) is homeomorphic to G
an
m,K. Since G
an
m,K is locally compact
and X˜ ′ is Hausdorff, the injection ϕ˜ ′ is a local homeomorphism, and hence ϕ˜ ′ : Ganm,K → ϕ˜
′(Ganm,K)
is a bijective, local homeomorphism, which is a homeomorphism.
Note that piX ′ |ϕ˜ ′(Ganm,K) : ϕ˜
′(Ganm,K) → ϕ
′(Ganm,K) is a covering map which fits into the following
commutative diagram:
ϕ˜ ′(Ganm,K) G
an
m,K
ϕ ′(Ganm,K) E
′ an
piX ′ |ϕ˜ ′(Gan
m,K)
piE ′
a ′
Therefore, we have that ϕ ′ : Ganm,K → ϕ
′(Ganm,K) is the composition of a homeomorphism with a
covering map, which is a semi-covering by Proposition 2.4.2.
To conclude, we have that ϕ ′(Ganm,K) is path-connected because the continuous image of a con-
nected space is connected and a connected K-analytic space is path-connected [Ber90, Theorem
3.2.1]. Furthermore, since ϕ ′ is a local homeomorphism, we have that ϕ ′(Ganm,K) is locally path-
connected. 
Lemma 3.3. The Zariski closure of the imageϕ ′(Ganm,K) is the analytification of a closed, connected algebraic
group in X ′.
Proof. By Lemma 3.2 and Proposition 2.4.2, we have that a ′ : ϕ ′(Ganm,K) → E
′ an is a semi-covering
because piE ′ is a covering map and E
′ an is path-connected and locally path-connected. Moreover,
we have that the image ϕ ′(Ganm,K) is a K-analytic group subvariety of X
′ an by Corollary 2.4.5. Now,
a lemma of Lang [Lan87, p. 84] tells us that the Zariski closure ϕ ′(Ganm,K) ofϕ
′(Ganm,K) is a closed K-
analytic group in X
′ an. Since X
′ an is projective, Berkovich analytic GAGA [Ber90, Corollary 3.4.13]
tells us that ϕ ′(Ganm,K) is the analytification of a closed, connected algebraic group G of X
′. 
Using Lemma 3.3, we identify the Zariski closure of the image ϕ ′(Ganm,K) in X
′ an with Gan.
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Lemma 3.4. The composed morphism Gan ⊂ X
′ an
→ Xan is finite and surjective. Furthermore, the
morphism Gan → Xan is algebraic (i.e., the morphism Gan → Xan is the analytification of a finite, surjective
morphism G→ X of K-schemes).
Proof. By Lemma 3.3, the morphism Gan ⊂ X
′ an is a closed embedding, and hence the composed
morphism Gan ⊂ X
′ an
→ Xan is finite. To prove surjectivity, note that the image of the composed
morphism Gan ⊂ X
′ an
→ Xan is closed. Since the image of Gan in Xan contains the image ϕ(Ganm,K)
and ϕ is Zariski dense by assumption, we have that the composed morphism Gan ⊂ X
′ an
→ Xan
is surjective. In the second statement, the algebraicity and finiteness of the morphism follows
from Berkovich analytic GAGA [Ber90, Corollary 3.4.13] and the surjectivity follows from [Ber90,
Proposition 3.4.6]. 
We can combine the above lemmas into the following result.
Proposition 3.5. Let K be an algebraically closed, complete, non-Archimedean valued field of characteristic
zero. Let X/K be a projective variety admitting a dominant morphism to an elliptic curve.
A Zariski dense, analytic morphism Ganm,K → X
an factors as
G
an
m,K → G
an
→ Xan
where Gan is the analytification of a connected algebraic group and Gan → Xan is a finite surjective mor-
phism. Moreover, the finite, surjective morphism Gan → Xan algebraizes (i.e., there exists a finite, surjective
morphism of K-schemes G→ X).
Proof. This result is a combination of Lemmas 3.1, 3.2, 3.3, and 3.4. 
Proof of Theorem A. By Remark 2.3.5, it suffices to prove that there does not exist a Zariski dense,
non-Archimedean entire curve in Xan. By Lemma 3.1, we may assume that E/K has multiplicative
reduction over OK. Proposition 3.5 tells us that if there exists a Zariski dense, analytic morphism
Ganm,K → X
an, then X admits a finite cover by a connected algebraic group. However, this contra-
dicts Lemma 2.1.1 as X is of general type. Therefore, we conclude that there cannot exist a Zariski
dense, entire non-Archimedean curve in Xan. 
4. PROOF OF THEOREM B
In this section, we will prove Theorem B. In particular, we will prove that for S/K a projective
surface admitting a dominant morphism to an elliptic curve and for every proper closed ∆ ( S, S
is groupless modulo ∆ if and only if S is K-analytically Brody hyperbolic modulo ∆.
We will use the following results in our proof.
Proposition 4.1. Let S/K be a projective surface admitting a domiant morphism to an elliptic curve E/K
with good reduction over OK, and let ∆ ( S be a proper closed subscheme. If S is groupless modulo ∆, then
S is K-analytically Brody hyperbolic modulo ∆.
Proof. To show that S is K-analytically Brody hyperbolic modulo ∆, it suffices to prove that the
image of any non-constant analytic morphism ϕ : Ganm,K → S
an factors through ∆an by Remark
2.3.5. Note that as E has good reduction overOK, the composedmorphism Ganm,K → E
an is constant
[Che94, Theorem 3.2]. Therefore, the morphism Ganm,K → S
an factors through fibre Fan of San → Ean.
Since F is a fibre of X → E, it follows that dim F 6 1. As ϕ is non-constant and a has connected
fibers [LP12, p. 352], we have that dim F 6= 0.
Now, the Zariski closure ϕ(Ganm,K) of the image of ϕ is a connected, closed, 1-dimensional K-
analytic subvariety of San, and by Berkovich analytic GAGA [Ber90, Corollary 3.4.13], we have
that ϕ(Ganm,K) is a connected, projective curve (i.e., ϕ(G
an
m,K) is isomorphic to Z
an for a connected,
projective curve Z ⊂ S). Since the morphismϕ : Ganm,K → Z
an is dominant, we see that Z is not bira-
tional to curve of general type by Theorem 2.3.8, and therefore, Z is a rational curve or birational
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to an elliptic curve. As S is groupless modulo ∆, this tells us that the image of ϕ : Ganm,K → S
an
factors through ∆an, as desired. 
Lemma 4.2. Let S/K be a projective surface, and let ∆ ( S be a proper closed subscheme. Suppose that
S is groupless modulo ∆. If an analytic morphism ϕ : Ganm,K → S
an is not Zariski dense, then ϕ(Ganm,K) is
contained in ∆an.
Proof. This follows from the latter part of the proof of Proposition 4.1. 
We are now in a position to prove Theorem B and Corollary C.
Proof of Theorem B.
(⇐). This direction follows from Proposition 2.2.11 and Definition 2.3.2.
(⇒). Let ∆ ( S be a proper closed subscheme, and suppose that S is groupless modulo ∆. By
Remark 2.3.5, we are reduced to show that any non-constant analytic morphism Ganm,K → S
an
factors through ∆an. By Proposition 4.1 and Lemma 4.2, we know this is true when E/K has
good reduction over OK or if the morphism ϕ is not Zariski dense, and so it suffices to prove that
when E/K has multiplicative reduction overOK, the analytic morphismϕ : Ganm,K → X
an cannot be
Zariski dense. As a projective integral pseudo-groupless surface is of general type [JX19, Lemma
3.23], Theorem A asserts that ϕ cannot be Zariski dense, and therefore S is K-analytically Brody
hyperbolic modulo ∆. 
Proof of Corollary C. This follows from Theorem B and Remarks 2.2.7, 2.3.4, and 2.3.5. 
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